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Triple-alpha process
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1953 F. Hoyle predicted resonance state in 2C and later confirmed experimentally.

1985 K. Nomoto proposed an empirical formula applicable at low temperature,
assuming sequential a.oe and a®Be reactions. (adopted in NACRE)
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r (BeE,) dE
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2009- Serious quantum-mechanical calculations of triple-alpha reaction rate started.
At present, controversial among theories.



Calculated rates deviates among theories at low temperature
102° order of magnitude difference at 10’ K
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Difficulties and theoretical challenges of triple-alpha reaction

- Experimental measurement is very difficult.

- Lack of exact theory for scatting of three charged particles,
(we do not know “Coulomb wave function” for 3-charged particles).

- The reaction rate changes 100 in magnitude between 107 — 10° K
due to quantum tunneling nature of the process..

Develop a new theory: Imaginary-time theory
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What Is the “imaginary-time” ?

Identifying inverse temperature Timt = S = 1
with imaginary-time, KT
A standard procedure in
thermal quantum Ret
many-body theory

v

Difference from ordinary approach

Standard procedure Imaginary-time theory

] ] K.Yabana and Y.Funaki. PRC85,055803(2012)
Cross section as a function of energy, o(E).

o We directly calculate reaction rate, <ve>,
Thermal average to obtain reaction rate, <vc>. without solving any scattering problem.




Imaginary-time theory: Derivation

— Radiative capture cross section
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Final expression does not include any scattering states.




Imaginary-time theory : Calculation in practice

i HA B E 2A+1 A )
R e RS
Start with 2+ state of 12C
(wave function after radiative capture) p(B=0)=M_,, ¢ (?C2")
multiplied with E2 operator
= 0
Evolve along imaginary-time axis —ﬁl//(ﬂ% Hy ()
Reaction rate as expectation value vor) o <W(£ J‘{ H-E, J
2 hc
Hamiltonian of 3 alpha particles Coordinates
H=T+V,+V,, +V; +V,,,
8 L o Ui=;=o(7, R, ) .
V,, toreproduce °Be resonance energy | (7 g ) = A=t or (R P) [Vimo@®Yio(R)]_,
o reproduce resonance energy of Jacobi coordinate, I=L=0 only (as in CDCC)
Hoyle state (0," of +*C) Uniform grid for Rand r




Triple-alpha reaction rate by the imaginary-time theory
almost coincides with empirical NACRE rate.
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Convergence with respect to spatial size (R, ., and r,..)

In evolving along imaginary-time —%l//(ﬂ): Hy (B)
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Dominant °C synthesis process depends on temperature

Total angular momentum 0

“He
y(E2) 12C(2,%) v(E2)
4He 1 12C(01+)
“He

Low Temperature ——)) High Temperature
Direct 3-alpha collision Binary collision By way of Holy state

(8Be resonance) (*2C resonance)
= & 8Be* 92 keV 12C*(0,") 379 keV




Changes of reaction mechanisms at two temperatures

In the empirical theory
K. Nomoto, Astrophys. J. 253, 798 (1982)
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Average and variance of reaction energies as a function of temperature

(HY = (¥(B/2)|H|p(B/2))
(H?) = (P(B/2)|H[p(B8/2))

0.05

as those given by the empirical theory.
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Though empirical and imaginary-time theories look very different,
calculated rate is almost the same.

Nomoto 1985, NACRE 1999: Imaginary-time theory
Sequential 2-body process
~ 22+1
oo h d{aa (Eaa) | H +‘Ef‘ S\t
<aaa>=3jo F BoE) < dE>aa (aBe(E,, )E,, (aaa) o« <¢f ‘Mﬂ#e ﬂH{ — PM,, ¢f>
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We next examine the relation analytically using R-matrix theory.




Derive the empirical formula in the imaginary-time theory

Two basic assumptions for microscopic 3-body Hamiltonian
1. The Hamiltonian is separable, into a-a and a-8Be parts
H=h,+h .

2. Hoyle state is described by a product of a—a. and a-8Be resonant wave functions.
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Approximate spectral representation of H using R-matrix theory
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Put it in the rate expression of the imaginary-time theory
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Triple-alpha reaction rate derived from imaginary-time theory
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This expression mostly coincides with that of NACRE

h d <aa>(Eaa)

(aca)=3 J:o F(BeE ) dE (aBe(E,, ))dE
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There are a few minor differences.

Fa (12 C, EagBe ) » Fa (12 C, EaBBe )
(E.(2c)-E . J+T,(E .. )4 (E.(2C)+E, (*Be)-E . —E,. f+T,(E . )4

Imaginary-time theory NACRE
(Not symmetric wrt a—a and o.-8Be )




1 Why different theories provide so different reaction rates ? |-

>> <0[0{ ~ 0(0{05>

CDCC a>|maginary-Time ~ <
1026 order of magnitude difference at 10’ K

<0(0505> NACRE

To clarify the origin of theoretical controversy;,
we use coupled-channel expansion in the imaginary-time formalism

We first solve a—a 2-body eigenvalue problem.
W, (r)=&,w, (r)

aa "N

) ™ drw, (r)w, (r)=5

mn

We then expand 3-body wave function with this basis
u(r,R, B) Zzn (R, B)w, (r)

We then solve “coupled -channel imaginary-time equation”

0 n? 82
_ﬁln(R ﬂ)_|:— Y aRZ :|Zn R ﬂ Zvnn Zn R ﬂ)

Using complete set (all eigenfunction), {w (r)}, results should not change.
However, if we make a truncation, the result may be different.




Reaction rate
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Convergence of expansion is extremely slow !
Warning the use of coupled-channel method for quantum tunneling

14 channels
(up to ®Be resonance)

—

100 channels

400 channels
E.. up to 45 MeV

1200 channels
in total

haawn() £,W, (r)
) ™ drw,, (rw, (r)=0,

mn

Even when we take 400 channels
(EOLOL
1022 times overestimated.

up to 45 MeV), reaction rate is

w/o coupled-channel expansion
= full-channel calculation (1200 channels)
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Conclusion

Imaginary-time theory for radiative capture process
- It does not require any scattering solution to calculate reaction rate

Triple-alpha reaction rate using the imaginary-time theory

- We can calculate a convergent reaction rate.

- The calculated reaction rate mostly coincides with that of NACRE

- Changes of reaction mechanisms occur at the same temperature of those of NACRE.

Analytical relation between the imaginary-time theory and the empirical formula
- Using R-matrix theory and assuming separable approximation,
the imaginary-time theory gives almost the same formula as that of NACRE.

Origin of theoretical controversy
- We find an extremely slow convergence if we make a coupled-channels expansion.
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